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ABSTRACT 
 
Developing electric vehicles is widely considered as a direct approach to resolve 
the energy and environmental challenges faced by the human race.  As one of the most 
promising power solutions to electric cars, the lithium ion battery is expected to achieve 
better performance, durability and safety. Fracture induced by lithiation and deliathiation 
stress has been identified as a major mechanism that leads to capacity loss and 
performance degradation.  
This work aims to shed light on the thermo-mechanical behavior of lithium ion 
battery electrodes. It presents a single particle model of random lattice spring elements 
coupled with solid phase Li-ion diffusion under active temperature effects. The thermal 
features are realized by solving a lumped heat conduction equation and by including 
temperature dependent parameters. This model combined with a typical equivalent-
circuit model is used to predict the impedance response of electrode particles. 
The fracture generation increases as the temperature decreases. However, the 
diffusion induced fracture is found to be proportional to the current density and particle 
sizes. Simulations under realistic driving conditions show that the fraction of particle 
damage is determined by the highest current density drawn from the battery. A 3D phase 
map of fracture damage is presented. 
The transit fracture growing process reveals a saturation phenomenon where the 
fraction of damage increases to a threshold value and then stabilizes. This is observed 
both during single discharging processes and in multiple cycle simulations. In the multi-
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cycle analysis, the charging process following the initial discharging leads to a “re-
saturation” where the fracture experiences a second increase and then stops growing ever 
after.   
The impedance study suggests that the generation of fracture leads to increase in 
impedance response of electrode particles. The calculated impedance results are found to 
be directly related to current density and particle size but drops with increasing 
temperatures.  
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 NOMENCLATURE 
 
 
A
 
Effective cell surface area for heat convection [m2] 
0A  Constant coefficient in electrolyte model 
s
c , surfc  
Bulk concentration, surface concentration of lithium ion [mol/m3] 
pC  Specific heat of electrode material [J/(kg·K)] 
d
 
Diffusion expansion coefficient [m3/mol] 
,  
refD D  Diffusion coefficient, diffusion coefficient at reference temperature [m
2/s] 
dEa  Diffusivity activation energy [KJ/mol] 
r
Ea
 
Reaction rate activation energy [KJ/mol] 
h Heat transfer coefficient [W/ (m2·K)] 
0,1i  Constant exchange current density, [A] 
,n faradaici  Faradaic current density [A] 
I
 
Current density drawn from the cell [A] 
,  
refk k  Reaction constant, reaction constant at reference temperature 
[m2.5/(mol0.5s)] 
s
k
 
Stiffness of spring element in random lattice spring model [N/m] 
l
 
Length of spring element in random lattice spring model [m] 
r  Coordinate variable, distance to the center of the spherical particle [m] 
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R
 
Universal gas constant [J/(mol·K)] 
cellR  Cell Resistance due to electrolyte [ohm] 
1ctR  Resistance term at the solid-electrolyte interface in equivalent circuit 
model of single electrode particle [ohm] 
s
R
 
Radius of spherical particle [m] 
t
 
Simulation time [s] 
T
 
Cell temperature [K] 
,  amb refT T  Ambient temperature, reference temperature [K] 
u
 Displacement of local spring element in random lattice spring model [m] 
,  
n pU U  Open circuit potential of negative electrode, positive electrode [V] 
v
 
Cell volume [m3] 
cellV  Voltage output of the lithium ion cell [V] 
faradaicZ  Impedance of faradaic reaction [ohm] 
DZ  Diffusion induced impedance component [ohm] 
1 2,  Φ Φ  Solid phase potential, solution phase potential [V] 
ψ
 Energy of the local spring element in random lattice spring model [J] 
,  
a c
α α
 Transfer coefficient at anode, cathode, assuming 1a cα α+ =  
,  
n pη η  Overpotential at negative electrode, positive electrode [V] 
ρ
 Density of electrode material [kg/m3] 
 viii 
 
ω
 Frequency of the applied signal in EIS measurement [Hz] 
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CHAPTER I  
INTRODUCTION AND LITERATURE REVIEW 
 
Energy crisis and global warming have become two severe issues facing the 
human race. It is widely concluded that vehicles driven by conventional engines 
contribute significantly to energy consumption, air pollution and climate change. In light 
of this, developing non-fossil fuels for cars would constitute one of most direct approach 
to resolving these concerns. Electric vehicles powered by battery packs are more 
efficient and environment friendly that those with internal combustion engines. 
However, electric vehicles face tremendous battery-related challenges such as charging 
time, drive range and safety issues. As a high-energy-density secondary source, lithium-
ion batteries (LIBs) are currently among the leading candidates for hybrid-and pure 
electric-vehicle power sources [1, 2]. In order to achieve a better performance, durability 
and safety, a thorough understanding of lithium ion battery is imperative.  
LIBs operate on a rocking chair principle [3]. A typical lithium-ion cell consists 
of a graphite anode and a LiCoO2 cathode on either side of a porous separator. The 
schematic shown in Figure 1 illustrates the cell configuration and basic operating 
principles. The separator only allows lithium-ions to travel through and thus force the 
electrons into the external circuit.  It is during the process of electrons flowing through 
external circuit that useful work is extracted. Lithium ions, which can be inserted into or 
extracted from graphite and LiCoO2, travel from anode to the cathode when discharging 
and back during charge. The commuting of lithium ions between the two electrodes is 
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vividly described as “Rocking Chair”. It is this reversible lithium-ion intercalation from 
both electrodes that makes LIB a rechargeable energy source.  
 
Figure 1 Schematic of structure and operating principle of Lithium-Ion Battery 
 
The insertion and de-insertion of lithium ions stem from two half reactions on 
positive and negative electrode, respectively: 
2 2LiCoO CoO Li e
+ −+ +⇌
                                                        (1) 
C Li e LiC+ −+ + ⇌
                                                                  (2) 
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Despite the many and varied types, the two half reactions for an electrochemical 
cell are very similar. The unique property of Li is that, in such reactions, it releases the 
most energy albeit the least molecular mass. This endows the lithium-ion battery a 
unique advantage that cells made with other known materials would never possibly 
exceed: highest energy density. In figure 1, the lithium ions are released from the 
graphite electrode side and heading to the metal electrode, indicating that this is a 
discharging process. As stated earlier, a reverse trip for the lithium ions will be taken in 
a charging process. During first few cycles, some electrolyte molecule traveling along 
with lithium ion may react with electrons on the of surface of graphite electrode or
2LiCoO electrode, depending on the direction of current through the cell, and thus form 
an interface film between the solid phase of electrode and the solution phase of 
electrolyte [4]. It is called solid electrolyte interface (SEI) film. The existence of this thin 
SEI film gives rise to both desirable and undesirable changes in battery operations, as 
will be discussed later in this work.  
It is now necessary to clarify the definition of anode and cathode for this work. 
An electrochemical cell has two electrodes: anode and cathode. The anode refers to the 
electrode at which electrons get out of the cell and oxidation occurs, and the cathode the 
electrode at which electrons move into the cell and reduction occurs. In a secondary 
battery, each electrode may become either the anode or the cathode depending on it is 
charging or discharging that is ongoing. In order to avoid confusions, this work, unless 
indicated otherwise, will name graphite electrode anode or negative electrode, and metal 
electrode cathode or positive electrode.  
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In practice, the primary material for anode is graphitized carbon, with silicon as a 
major alternative [5-6]. On the other hand, layered LiCoO2 is widely used as cathode 
material and other choices include LiFePO4 and LiMnPO4 [7]. Although other materials 
may also be discussed, this thesis considers graphitized carbon and LiCoO2 as anode and 
cathode materials, respectively. 
 
Figure 2 Diagram of lithiation and delithiation induced stress 
 
As a matter of fact, the intercalation and de-intercalation process also pose a 
threat on LIBs’ performance and durability. During lithiation or de-lithiation, the volume 
of electrode particles experiences a significant change in volume and thus gives rise to 
considerable internal stress, as illustrated in Figure 2. The resulted stress can then serve 
as driving force to surface cracks [8-10], as shown in Figure 3. The diffusion induced 
stress not only creates crack on the electrode particle surface but also enables the 
existing inside fissure to propagate into surrounding area. The cracks or fractures then 
act as gaps in the continuum of electrode materials, hindering the transport of lithium 
Lithiation De-lithiation 
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ions in solid phase. As they keep extending and growing, fissures may have a certain 
area fully enclosed, therefore isolating the lithium ions inside and causing direct 
performance degradation and permanent capacity loss. The propagation of pre-existing 
cracks caused by diffusion induced stress could also lead to the growth of SEI on the 
newly created electrode surfaces. Since lithium is consumed in forming the new SEI, 
irreversible capacity loss occurs and continues with cycling [11]. It is, then, imperative 
to understand the mechanical behavior of battery electrodes. 
 
 
Figure 3 Cracks created by lithiation of a graphite electrode [9] 
 
Meanwhile, temperature has been long known as a factor that greatly affects the 
performance, safety, and life of LIBs. A schematic of temperature’s path to affect the 
battery can be seen in Figure 4. As an electrochemical system, LIBs rely on half 
reactions on anode and cathode, both closely related to temperature. The temperature’s 
effect on electrochemical side is fairly clear. It determines the rate and extent to which 
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chemical reactions can occur. Electrochemical reactions can lose their kinetics at low 
temperatures and can go out of control at high temperatures [12]. This consists of the 
root cause of a limited temperature range for LIB operation. Even in an ordinary 
temperature range, the performances of LIBs are very sensitive to operating temperature 
or ambient temperature.  
Temperature’s influence on mechanical behavior, however, is yet to be 
investigated. In reality, different factors interact with each other in the complex 
operating mechanism of li ion battery. The importance of combining the thermal and 
mechanical behavior in one comprehensive study presents itself as industry calls for 
LIBs with even higher and performance and greater durability. 
 
 
Figure 4 Diagram of temperature effect on power, capacity and life of LIB 
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Literature Review 
The intercalation and de-intercalation induces stress to electrode particle and 
changes Li-ion transport mechanism [13-15]. Christian and Newman developed a 
mathematic model to estimate the volume change and the stress induced by the 
intercalation and de-intercalation process [14]. The model predicts increasing stress with 
increasing particle size or increasing charging or discharging rate and decreasing stress 
with increasing diffusion coefficient. The authors extend the above mode to investigate 
the stress generation and fracture in Lithium Manganese Oxide [15].  
Smaller particle size was recommended for high C-rate applications to avoid 
severe fracture generation. A fracture mechanics failure criterion derived by W. H. 
Woodford predicts for electrode particles a critical current density above which the 
fracture will be generated. This critical C-rate decreases with increasing particle size, 
meaning that larger particle tend to experience fracture damage [16]. Kalnanus et al. 
evaluate the intercalation stress by using a diffusion and elasticity equation with relevant 
volumetric expansion terms [17]. Their work predicts a critical particle size below which 
the fracture during lithiation is suppressed.  
Zhu at al. adopt an extended finite element method to analyze the propagation of 
initial crack in ellipsoidal cathode particles under different current density, particle size 
and particle aspect ratios [18]. As can be expected, the fracture propagation is found to 
be positively correlated to both current density and particle size. 1.5:1 was identified as 
the worst aspect ratio in terms of that it requires the lowest current density for the initial 
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crack to grow. Another analysis on the intercalation induced stress in cathode particles 
was conducted by Zhang et al., where the authors confirmed in spherical particles larger 
particle sizes and larger discharge current densities give larger intercalation-induced 
stresses [19]. More interestingly, large aspect ratios are reported to have reduced the 
intercalation-induced stresses. Later, these researchers take into account not only the 
particle shape but the heat generation as well [20]. The proposed model considers 
resistive heating, heat of mixing and entropic heat as three major heat generation 
sources.  
A recent model for a pouch type of Li polymer battery developed by Fu et al. 
includes electrochemical, thermal and mechanical principles [21]. One interesting 
conclusion of this work is that, at high C-rate, maximum stress happens at the beginning 
of charging or discharging process. Gao and Zhou conclude in their analysis of coupled 
mechano-diffusional driving forces that high lithium concentration moderates the crack 
growth in Li/Si electrodes [22].  
A comprehensive review of thermal issues in lithium ion batteries is presented by 
Bandhauer at al. [23]. Many researchers have gone great lengths to develop models of 
thermal behavior of lithium ion batteries. Early in 1990s, Newman and Tidemann solved 
the basic heat conduction equation in solid phase to calculate the temperature rise in a 
battery module [24]. With the super power of today’s computer technology, the 
techniques employed by the authors then, such as nondimentionalizaion or 
superposition, are no longer necessary now. By adopting a volume-averaging technique, 
Gu and Wang derived a thermal energy equation based on first principles [25]. The fully 
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coupled model was used to simulate the thermal and electrochemical behaviors of a Ni-
MH battery, and the temperature was found to have made a significant difference. This 
model was then extended for Li ion cells by Srinivasan and Wang [26], where it 
integrates reversible heat, irreversible heat and ohmic heats with temperature-dependent 
kinetic parameters. Finite element method is also employed to evaluate the thermal 
behavior in Li ion cells [27, 28]. Guo et al. coupled the thermal effect into a single-
particle model of a Li ion cell [29]. Simulation results provided in this work show the 
temperature rise in a li-ion cell increases with decreasing ambient temperature. Ji et al. 
analyze the Li ion cell performance in cold temperatures and detail the heat sources that 
determine the temperature evolution inside the cell [30]. An interesting voltage rebound 
at low temperatures was observed by the authors. Barai and Mukherjee developed a 
stochastic methodology to predict the diffusion induced damage in electrode particles 
and laid the foundation of the hereby presented study [31]. A single particle model with 
random spring elements and solid phase diffusion was established to simulate the 
fracture generation inside battery electrodes. This study laid the foundation of the 
presented work and will be detailed in later chapters.  
Electrochemical impedance spectroscopy (EIS) is an ex-stu technique that 
measures the response of an electrochemical system to a small perturbing current or 
voltage. Meyers et al. developed a mathematic model to predict the impedance response 
of a single electrode particle with solid electrolyte interface effect [32]. The model 
captured fundamental properties of the charger-transfer, double layer and Lithium-ion 
diffusion in solid phase. A later work by Levi and Aurbach proposed a 
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nonhomogeneous, layered distribution model of electrode’s active mass and finite values 
of solid phase conductivity [33]. The authors also compare the effect on diffusion of the 
geometry of spherical and slab particles. Huang et al. assumes two distinct homogeneous 
phases in the particle due to the insertion and extraction of Lithium ions [34]. This 
model was used to explore the effect of the state of charge, Lithium diffusivity, SEI, and 
particle distribution on the total impedance of a LIB. The modeling of inter-particle 
transport in porous electrodes can be found in the semi-mathematical model developed 
by Sunde et al [35]. As a common approach to characterize li ion batteries, EIS is also 
used to evaluate the influence of operating temperature on the performance of LIB. The 
measured dynamic response covers a frequency range from 10-6Hz to 106MHz, and the 
typical frequencies largely depend on the design parameter and manufacturing process 
[36]. A strong nonlinear temperature correlation was experimentally revealed by D. 
Andre et al. for all frequency domains [37]. The authors believe the SEI resistance and 
double layer resistance experience a strong increase at low temperatures where the ions 
have a lower kinetic energy and move slower.  
Summary 
The main objective of this work is to identify the thermo-mechanical behavior of 
LIB electrode particles. As a follow up of the previous research by Barai and Mukherjee 
[31], the current work will include the thermal effect into the existing single particle 
model and combine it with impedance computations. It focuses on two parts: fracture 
generation as well as cell performance with active thermal effect and impedance 
response under different temperature and fracture scenarios. Particular attention will be 
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paid to the anode electrode. It is of great interest of this work to investigate the 
temperature effect on fracture generation in electrode particle and the effect of fracture 
on EIS impedance response of electrode particles. 
  
 
  
 12 
 
CHAPTER II 
TEMPERATURE DEPENDENT FRACTURE ANALYSIS  
 
Heat generation in Lithium Ion Batteries (LIBs) during operation has the 
potential to significantly impact the overall performance. Both the anode and cathode in 
a Li-ion cell consist of very complex composite microstructures. There exist active 
materials (graphite particles in anode and LiCoO2 particles in cathode) which are 
responsible for hosting Li ions. The conductive additives (mostly carbon-black) 
contribute in increasing the electronic conductivity of the electrode. The binders hold all 
these active particles and the conductive additives together and give the system 
mechanical stability. The fourth component is the electrolyte which fills up the voids 
within the material. During charge and discharge, Li ions flow through the electrolyte 
and intercalate within the active particles. This entire ion and charge transfer by 
diffusion process causes heat generation within the electrode. For characterizing the 
performance of the battery correctly, it is very important to capture the heat generation 
within the Li-ion cell under operational conditions. A single particle model which can 
capture the heat generating and temperature evolution within the electrode has been 
adopted from Guo et al. [29]. In this single particle model several approximations are 
made: (i) The electrode is assumed as a spherical particle with some effective diffusivity 
of Li ions. (ii) Lithium ion concentration within the electrolyte is assumed to be constant 
throughout the electrode. (iii) Uniform intercalation of Lithium ions are assumed from 
all the directions of the electrode particle. (iv) Lithium ion flux is assumed to be same as 
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the externally applied current. (v) Voltage of the cell is evaluated as a point function 
using the average surface concentration of the spherical particle. In the following, the 
technique adopted to capture the temperature evolution within the electrode particle will 
be explained. 
In a previous work, Barai and Mukherjee developed a stochastic methodology to 
predict the diffusion induced damage in electrode particles [31]. A circular cross section 
of the single particle has been taken into consideration to model the diffusion induced 
stress and capture the fracture observed during operation. The circular cross section of 
single particle was modeled using random lattice spring formalism. Lithium diffusion in 
solid state was simulated by solving the Laplace equation with proper boundary 
conditions using finite volume approach. Temperature evolution and damage inside the 
electrode, in terms of the fraction of broken bonds, was investigated under different 
parameters, such as current density, particle size and initial crack locations.  
Single Particle Model 
A systematic introduction of modeling and simulation of battery system is given 
by Mukherjee [38]. In a single particle model, each electrode is simplified as a single 
spherical particle and the potential and Li ions concentration in electrolyte phase are not 
solved. In a discharging process, for example, the li ions migrate to the surface of 
negative electrode particle, travel through the electrolyte phase with an assumed infinite 
diffusivity, reach and enter the positive electrode particle. The electrons, meanwhile, go 
through the external circuit, render the useful work and finally arrive at the negative 
electrode as well.  
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Figure 5 A schematic of single particle model of LIB: SEM image source [9] 
 
Figure 5 provides an illustration of which area in an actual graphite particle the 
author is trying to model and study in this research. The Li-ion concentration profile is 
obtained by solving  
  
Load 
e 
e 
LixC6 Li1-xCoO2 
Li
∅, ∅, ∅, ∅,
cellIR
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( , ) ( ( , ) ( , ))c x t D x t c x t
t
∂
= ∇⋅ ⋅∇
∂

   
                                                       (3)    
The above governing equation is subject to a boundary condition described as 
                     
( , )
cond
c x t ik
n F
∂
− =
∂

                                                                        (4) 
In order to consider the mechanical behavior of electrode particle, Barai and 
Mukherjee developed a stochastic methodology based on a random lattice spring model 
[31]. In this analysis, the single particle is considered as a circular domain where the 
entire mass of the particle is assumed to be lumped at each node. Each lumped-mass 
node connects with six neighbors with lattice spring bonds, as shown in Figure 6. Note 
the spring elements have stiffness in both axial and transverse directions.  
 
Figure 6 Diagram of random lattice spring single particle model [31] 
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For each spring, the local force is a function of local displacements and can be 
described as  
1 1
2 2
3 3
4 4
0 0
0 0
0 0
0 0
x xn n
x xs s
n nx x
s sx x
f uk k
f uk k
k kf u
k kf u
−    
    
−    
=
    −
    
−    
                                       (5) 
where f  represents the local force vector and u

 the local displacement vector, 
nk  is the 
spring stiffness in axial direction and 
sk in the transverse direction. Stress induced by Li 
ion diffusion is characterized by the resulting axial displacement inside the spring 
element du∆ , which is expressed as  
du d c l∆ = ⋅ ∆ ⋅                                                                                (6) 
where d is the diffusion expansion coefficient, c∆ the incremental change in Li ion 
concentration, and l  the length of spring element. The global force vector due to 
diffusion-induced stress, dF

, is then defined as a function of displacement 
[ ] [ ] [ ]T Td d dF T f T k u= = ∆                                                           (7) 
where [ ]T  is a transformation matrix and [ ]k  the stiffness matrix.  
The fracture criterion is related to the total elastic energy stored within a 
spherical particle due to diffusion-induced stresses [39]. In this work, the generation of 
fracture or crack is modeled by the breaking down of the spring elements, or in other 
words, the bonds between nodes. This is realized by a prescribed energy threshold. The 
energy of each spring element is calculated as  
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1
2 spring spring
F uψ = ⋅
 
                                                                              (8) 
where springF

 and springu

are the global force and displacement vectors in the related 
spring element. If the calculated energy exceeds a threshold value, this spring element 
will be considered broken and removed from the stiffness matrix for further simulation. 
The threshold value for graphite is identified as 2J/m2 [40, 41].  
The overpotential jη  ( ,j p n= ) is defined as 
1, 2,j j j jUη φ φ= − −                                                                              (9) 
where 1, jφ  is the solid phase potential, 2, jφ the solution phase potential and jU the open 
circuit potential. As shown in Figure 5, this work simplifies the potential drop in the 
electrolyte as if it were a nonlinear resistor. This gives 
           2, 2,p n cellIRφ φ− =                                                                              (10) 
The cell voltage is then calculated by Eq. (11) and the overpotentials on both electrode   
are solved from Eq.(12).  
( )cell p n p n cellV U U IRη η= − + − +                                                    (11) 
  ( ) ( )0.50.5 0.5, ,max , , 0.5 0.51 exp exp   ,j j s j e j surf j surf j jF FJ k c c x x j p nRT RTη η
    
= − − − =    
    
    (12) 
Coupling Thermal Effect 
As a follow up, the present work incorporates the thermal effect into previous 
single particle model by including the following lumped thermal conduction equation  
     ( ) ( )p np p n cell ambU UdTvC IT I IR hA T Tdt T Tρ η η
∂ ∂
= − + − + − − ∂ ∂ 
               (13) 
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In addition, the temperature-dependent parameters, as shown in Figure 7, are 
upgraded to be a function of temperature. The solid phase diffusion coefficients, reaction 
rate constant, and the cell resistance, which is inversely proportional to the electrolyte 
conductivity, all follow an Arrhenius relationship with cell temperature, as expressed in 
Eq. (14-16).  
  
Figure 7 Temperature dependent parameters in the electrochemical system 
 
              ( )
, 
1 1
exp   ,  pdj j ref
ref
EaD D j n
R T T
  
= − =      
                                  (14) 
                ( )
, 
1 1
exp   ,  prj j ref
ref
Eak k j n
R T T
  
= − =      
                                    (15) 
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              0
1 1
expcell ref
ref
R R A
T T
  
= −      
                                                 (16) 
Theoretically, when an ion transport process involves intermolecular ion 
hopping, the conductivity will be determined by the thermal hopping frequency that is 
proportional to the term 
	


 [42]. This is assumed to be the case over the entire 
temperature range of interest in this work, which is -20°C to 40°C. Based on this 
assumption, an expression of electrolyte resistance, in this case, the cell resistance, can 
be derived as Eq. (16).  
 
 
Figure 8 Verification of constant coefficient in resistance model 
 
Note that in order to apply this model, two parameters are required to be known. 
One is a reference resistance Rref value under a certain temperature Tref. The other is a 
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constant coefficient A0, which needs to be determined by a second resistance value 
measured at another temperature. The value of A0 characterizes how the electrolyte 
conductivity or resistance varies with ambient temperatures. In this work, this coefficient 
was adjusted to match the measured resistance data of a li ion cell used in electric 
vehicles. As can be seen in Figure 8, the modeled resistance by Eq. (16) agrees with the 
curve fitted by experimental measurements [43].  
The different type of materials are differentiated by Eq. (17), where kmat is a 
constant and serves to assess the direction and extent to which the material’s modulus 
varies with concentration, and therefore with temperature. When kmat is positive, it 
represents a type of material whose modulus increases with c. Likewise, if it is negative, 
the material has a modulus decreasing with c. Particularly, a constant modulus will be 
true if it is set to be zero.  
                             0
max
1 mat
cE E K
c
 
= + 
 
                                                           (17) 
The open circuit potential Up and Un are considered as a function of SOC and 
temperature in the following expression 
           
( ) ( ) ( ) ( ), ,                  ,jj j surf j j refUU x T U x T T j p nT
∂
= + ⋅ − =
∂               (18) 
where the derivative terms j
U
T
∂
∂  are given as a function of SOC [29] 
      
2 3
2 3 4
0.19952 0.92837 1.36455 0.61154
1 5.66148 11.47636 9.82431 3.04876
p p p p
p p p p
U x x x
T x x x x
∂ − + − +
=
∂ − + − +
              (19) 
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2 3 4 5 6 7 8
2 3 4 5
0.00527 3.29927 91.79326 1004.91101 5812.27813 19329.7549 37147.8947 38379.18127 16515.05308
1 48.09287 1017.2348 10481.80419 59431.30001 195881.6488 374577.3
n p n n n n n nn
n p n n n
x x x x x x x xU
T x x x x x
+ − + − + − + −∂
=
∂ − + − + − + 6 7 8152 385821.1607 165705.8597n n nx x x− +
 (20) 
Table 1 lists all the values of parameters in the above equations.   
Table 1 Global input parameters in fracture simulation 
Parameter Value Unit 
ρ 1626 [29] Kg/m3 
v 3.38E-05 [29] m3 
Cp 750 [29] J/(kg•K) 
I 1.656 A 
Tref 298.15 K 
Dref, n 3.9E-14 [44] m2/s 
Dref, p 1.0E-14 [44] m2/s 
Ead, n 35 [45] KJ/mol 
Ead, p 29 [46] KJ/mol 
Ear, n 20 [47] KJ/mol 
Ear, p 58 [48] KJ/mol 
kref, n 1.76E-11 [49] m2/(mol0.5s) 
kref, p 6.7E-11 [49] m2/(mol0.5s) 
refR  16 mΩ 
R  8.3141 J/(mol·K) 
refE  70.5 GPa 
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Table 1 Continued. Global input parameters in fracture simulations 
maxc  31833[29] mol/m3 
 
Results and Discussion 
The heat generation, including reversible heat and irreversible heat, are given in 
Figure 9. The irreversible heat increases significantly as the ambient temperature gets 
lower. Apparently, the resistance of Li diffusion in electrolyte and through the electrode 
particles increases drastically with decreasing temperature. Meanwhile, the kinetic 
activation energy also gets larger as the ambient temperature drops. 
 
 
Figure 9 Heat generation at subzero, zero and room temperatures 
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Note that the reversible heat could be negative at the very beginning of a 
discharging process, and this may lead to a seemingly odd temperature drop for the cell, 
when the irreversible heat is not enough to make the total heat generation be positive. 
Based on what is shown in Figure 9, this mechanism is stronger at room temperature.  
 
 
Figure 10 The ratio of joule heat to irreversible heat versus SOC 
 
Figure 10 shows that the proportion of joule heat to irreversible heat decreases in 
a single discharge process but increases with decreasing ambient temperatures. When 
discharging, the cell experiences a temperature rise and a consequently resistance drop. 
On the other hand, the irreversible heat tends to increase as the discharge continues. The 
ratio between these two thus drops, and this is particularly true at lower temperatures 
where the cell resistance is even more sensitive to the cell temperature. 
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As discussed above, the heat generation is more significant at subzero 
temperatures. This explains why the cell displays a larger increase in colder 
environments, as shown in Figures 11. The same phenomenon were observed and 
reported by M. Guo et al. [29] and Y. Ji et al. [30]. The current model, by adopting the 
same parameters and boundary conditions, renders the temperature profiles that greatly 
match the results reported by M. Guo [29] at all four different temperatures. One 
explanation for this is that, at low temperatures, the activation energy that needs to 
overcome for the electrochemical reactions to proceed is significantly larger, resulting to 
the increase of irreversible heat and consequently a larger temperature rise. 
 
 
Figure 11 The effect of ambient temperature on cell temperature profile 
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Cell temperature is also a function of C-rate and heat transfer coefficients, as can 
be seen in Figures 12 and 13(a). Temperature increase at high C rates can be 
considerable and may pose a significant threat to the cell performance. A thermal 
runaway could cause the whole system out of control. The rise in cell temperature is also 
significant when ambient temperatures are extremely low and heat generation is 
substantial, except that the temperature rise in this case would be beneficiary and 
desirable. This is because at low temperatures the ion transport is supposed to be slow 
but can be boosted by a sudden and huge temperature rise inside the electrode.  
 
 
Figure 12 The effect of current density on cell temperature 
 
For vehicles that are to be used in areas with freezing weathers, cold start has 
been a huge challenge. An effective strategy might be to provide an initial “warming up” 
or enough insulation to keep the temperature of the engine, in this case, the battery 
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system above the freezing point. From Figure 13, one can see that the adiabatic 
condition enables a large temperature rise, and this greatly improves the voltage output 
from the cell at subzero or zero temperatures.  
 
 
Figure 13 The influence of boundary condition on cell temperature 
 
(a) 
(b) 
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From a design perspective, it is meaningful to define a heat transfer coefficient 
that suffices the thermal management requirements with minimum cost. In figure 13(b), 
one can see that cell temperature does drop drastically as h increases from 0 to 
5W/(m2K). If doubling h to 10W/(m2K), it also serves to lower the temperature at high 
C-rates. After that, however, making the heat transfer coefficient larger no longer helps 
to decrease the cell temperature significantly. For example, if one doubles it again to 
20W/(m2K), the resulting temperature decrease is only about 7K.  
The temperature rise could boost the cell performance greatly, especially at cold 
temperatures. Figure 14 shows a voltage rebound, as was observed by Y. Ji [30] in 
another work, at -20ºC with a discharging rate of 1C. Since perfect insulation was 
assumed, all the heat generated inside the electrode turns to temperature rise. Given the 
extremely low ambient temperature, the heat generated from the electrochemical 
reactions is considerable and significantly increases the cell’s internal temperature.  
 
 
Figure 14 Adiabatic condition leads to voltage rebound at subzero temperatures 
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This improvement in voltage performance may be associated with the sudden and 
drastic heat generation warming the diffusivity up. Figure 15 presents a triangle 
relationship between temperature profile, voltage performance and diffusivity curve. It 
can be seen that, a huge temperature increase enabled by adiabatic condition lifts the 
diffusivity to where it is very sensitive to temperature, leading to a considerable 
enhancement in cell performance. In other cases, the modeled surface concentration of li 
ions quickly reached zero and the simulated discharging process was then forced to be 
terminated. The corresponding voltage outputs were poor.  
 
 
Figure 15 The triangle relationship between cell temperature, diffusivity and 
voltage output 
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Figure 16 depicts the fracture and ions concentration profile inside the electrode 
particle after a discharging process was completed. The fracture damage is seen to be 
more serious at 4C, the highest current density in the simulation. The higher the current 
density drawn from a cell, the larger the lithium ion concentration gradient inside the 
electrode particle. A comparatively larger concentration gradient, as can be expected, 
leads to stronger lithiation or delithiation stress and consequently more fracture damage 
inside the particle. 
 
Figure 16 Simulated fracture distribution in an electrode particle, at 273K, 
adiabatic condition. 
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The voltage output with and without fracture effect is compared in Figure 17. 
The existence of fracture, not surprisingly, accelerates the voltage degradation. The 
formation of fracture blocks the diffusion of lithium ions and results into considerable 
voltage loss. Generally, the damage induced by the lithiation and delithiation are shown 
to be positively correlated to the current density, as can be seen from Figure 18. This is 
proven to be true for all four different simulated temperatures, if an adiabatic condition 
is considered. When a heat transfer coefficient of 10 W/(m2•K) is applied, the trend 
shown in Figure 18 will slightly change. The damage fracture drops with current density, 
as the evolution time of fracture becomes shorter than enough for the damage to 
propogate.  
 
 
Figure 17 A comparison of the voltage curve: with and without fracture effect at 
the temperature of 20 ºC, 1C 
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Figure 18 Fraction of broken bonds versus C-rate at four ambient temperatures, 
adiabatic condition 
 
 
Figure 19 Fraction of broken bonds versus C-rate, h=10 W/(m2•K) 
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Although it remains to be true that high C-rate leads to larger amount of damage 
at zero and above-zero temperatures, the fraction of broken bonds drops with increasing 
current density at -20ºC. The diffusivity of the system is extremely low and lithium ion 
concentration gradient does not develop completely at such freezing temperatures. The 
discharging process ends even more quickly at higher C-rate and the fracture damage 
does not have time to evolve at all, despite the even stronger potential harm. 
The temperature rise and the consequently better diffusivity enabled by adiabatic 
condition render a smaller concentration gradient through the particle and thus tend to 
alleviate the damage. On the other hand, however, these two factors also give rise to a  
 
 
Figure 20 Fracture distribution inside electrode particle, at 253K, h=10 W/(m2•K) 
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more durable discharging process. The extended time allows fracture damage to evolve 
and propagate to its vicinity. The later seems to become the dominating mechanism 
when the cell operates at subzero temperatures. Adiabatic boundary condition leads to 
larger fraction of broken bonds, as can be found by a comparison between Figure 16 and 
Figure 20. At a comparatively higher temperature, for instance, 0°C, the former tends to 
be the governing mechanism and the fracture damage induced by lithiation and de-
lithiation is much less, as can be seen in Figure19 and Figure 20. Temperature rise 
obviously alleviate the fracture damage, probably by improving the diffusivity. 
 
 
Figure 21 The transit fracture evolution profile with time 
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Figure 21 shows the transient growing process of fracture inside the electrode 
particle. As discussed earlier, the fraction of broken bonds increases with decreasing 
ambient temperature, as long as the initial temperature does not significantly shorten the 
discharge time. Given enough time to grow, the fracture would reach a steady state, like 
“saturation”. At any particular C-rate, the number of broken bonds stops increasing after 
exceeding a certain threshold value, which is desirable in terms of that the damage is 
restricted to a certain limit because of the fact that sufficient amount of strain energy is 
released by the already existing cracks. Particularly, the number of broken bonds may 
stop increasing before reaching the saturation point when operating at cold temperatures, 
as shown in Figure 22. 
 
 
Figure 22 Fracture evoluion profile at lower temperature: 0°C 
 
 35 
 
 
Figure 23 Fracture behavior in multi-cycle simulation 
 
The fracture behavior is also investigated from a cycle by cycle perspective. 
Figure 23 shows that the fracture evolution reaches a steady state after the first cycle, 
one single entire discharge-charge process. Specifically, the broken bonds increases and 
reach a saturation status in the first discharge process. The ensuing charging process 
trigger the fracture evolution again and it re-saturate after a comparatively smaller 
increase. The damage is mainly caused in the first cycle, although a nearly negligible 
amount of new broken bonds are observed in the second or third cycles for high C-rates 
like 4C.  
Figure 24 present a positive relationship between particle damage and particle 
size at room temperature, 20°C. Fracture of broken bonds typically is higher in larger 
particles and it seems that there will be no fracture generated if the particle size is below 
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a critical size. It has been reported that both the intensity and distribution of stress is 
quite sensitive to surface mechanics when the particle diameter reduces to the nanometer 
range [50]. Surface energy and surface stress can serve to alleviate diffusion induced 
stress in nanostructured electrodes [51]. For example, a tensile state of stress could either 
drop in magnitude or even be reverted to a state of compressive stress in particles with 
nanometer-level radius. 
 
 
Figure 24 The effect of particle size on fracture damage 
 
In addition, the material property of electrode particles could have a bearing on 
the diffusion induced damage [52]. The concentration dependent elastic modulus is 
believed to significantly affect the peak stress and stress evolution in the electrodes [53]. 
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The young’s modulus of a material may vary as lithium ion concentration changes 
during the charging or discharging.  
 
 
Figure 25 The impact of Young's modulus on fracture formation 
 
Figure 25 shows that, over the entire temperature range of interest, Si type 
material, represented by a negative value of -0.7, display a better immunity to particle 
fracture damage. Simulation conducted for graphite type material with a value of 2 
predicts 14% damage in graphite type electrode particles. Results calculated using a 
constant Young’s modulus display a medium fraction of broken bonds, as expected. An 
interesting detail in the results is that the fraction of broken bonds related to Si type 
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material is the least sensitive to current density in both cold and high temperatures. This 
suggests that this type of material has the potential to render a more stable performance, 
in terms of that the fracture may not increase significantly with increasing current 
density. A property like this is believed by the author to help achieve a better durability 
of lithium ion batteries. 
Assuming that the battery is being used to power a vehicle on the road, 
simulations under realistic driving conditions are also conducted in this work. The 
profile of current density drawn from the battery is scaled from three standard driving 
cycles: EPA 75, HWFET and US 06. A speed of 30 miles per hour is considered 
equivalent to 1C. Figures 26-28 record the voltage output and the dynamic fracture 
evolution during the three scaled cycles. EPA 75 represents the city driving condition 
and has more frequent stops and starts. Yet it results into the least, around 4% fracture, 
compared to the 6% under highway driving condition and 7% under US 06 cycle. 
Especially, it can be seen in Figure 26 that the fraction of damage remains constant 
during fluctuation of current density.   
The fractures are more closely related to the highest current density. Among the 
three selected cycles, the highest C-rate is 2.5C in US 06 cycle, which represent an 
aggressive way of driving. The worst damage scenario is observed in US 06. These 
simulations under scaled realistic driving cycles indicate that the fracture damage is 
determined by the magnitude of current density and is less likely to be impacted by the 
frequently switching between high and low C-rates. 
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Figure 26 Scaled realistic driving cycle simulation: EPA75 
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Figure 27 Scaled realistic driving cycle simulation: Highway 
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Figure 28 Scaled realistic driving cycle simulation: US06 
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Figure 29 A 3D phase map to cover the effect of current density, particle size and 
temperature on fracture generation 
 
A design map that predicts the damage under varying current density, particle 
size and operating temperatures is given in Figure 29. Generally, the fraction of broken 
bonds is proportional to current density and particle size, but negatively correlated to the 
ambient temperature. Yet, a critical value may present itself when the other two factors 
are fixed. For example, when discharging with 5C at -20°C, a particle of the size of R/16 
would lead to the most severe damage inside the particle. Either a smaller or bigger 
particle would experience less fracture damage. 
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Summary 
A single particle model of random lattice spring element coupled with solid 
phase lithium ion diffusion is extended to include active thermal effect. The heat 
generation and the effect of ambient temperature, current density and boundary 
condition on cell temperature are analyzed. Irreversible heat is found to be more 
dominating compared to the reversible heat. Lower ambient temperature and higher C-
rate cause a higher cell temperature. At subzero temperatures, adiabatic condition can 
significantly boost the cell performances.  
 The diffusion induced damage is found to be positively related to current density 
and particle sizes. The monotonicity no longer exists at extremely low ambient 
temperature, where the diffusivity is particularly low. Dynamic evolution of fracture 
reveals a saturation phenomenon both during one single discharge process and a period 
of multiple discharge-charge cycles. The particle damage mostly happens during the first 
cycle. 
A comparison between Si type and Graphite type materials shows that the former 
performs better at all temperatures. It leads to less damage and is less sensitive to current 
density. Simulations under realistic driving conditions show that the fraction of particle 
damage is determined by the highest current density drawn from the battery. Frequent 
shifting between high and low C-rates contributes little to the overall fracture generation 
or propagation. 
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CHAPTER III 
IMPEDANCE ANALYSIS  
 
Electrochemical impedance spectroscopy (EIS) is an ex-situ technique that 
measures the response of an electrochemical system to a small perturbing current or 
voltage. Since the perturbation is small, the response of the system is considered to be 
linear and the transfer function, or the ratio of the output to the input signal, shall be the 
same regardless of the type of applied signal. Based on this theory, any system can be 
characterized by its impedance, Z, which usually refers to the transfer function obtained 
in EIS measurement.  
 
Figure 30 A schematic of impedance model of single electrode particle 
 
Typically, the impedance Z consists of two parts, real part corresponding to the 
system response that is in-phase with the applied signal and imaginary part related to the 
system response that is out-of-phase with the perturbation. The impedance responses of 
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electrochemical systems have been traditionally modeled as a combination of some ideal 
equivalent-circuit elements [32]. 
Mathematical Model 
Figure 30 presents a schematic view of an impedance model of single electrode 
particle. In this work, SEI effect is yet to be included and the interface film related terms 
are thus ignored. Also, the diffusion and potential loss in electrolyte phase is not 
considered here. Particular attention will be put onto the solid phase, which is shown in 
red in the figure.  
The following derivation is adjusted from the work of J. P. Meyers at al. [32]. By 
considering the concentration change in the solid phase particle as a function of the 
applied signal and frequency, the diffusion equation yields  
2
2
s
s
cDj c r
r r r
ω
∂∂  
=  ∂ ∂ 
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                                                                                   (21) 
The solution to the above differential equation is in the following form:  
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where 2
s s sR DωΩ = .  
 When sr R= , one obtains the expression of surface concentration 
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             The transfer function is defined as 
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At the particle surface, the faradaic current density is related to the potential drop 
across the interface by the Butler-Volmer equation 
( ) ( ), 0,1 1 2 1 2exp expa cn faradaic F Fi i U URT RT
α α −    
= Φ − Φ − − Φ − Φ −    
    
ɶ ɶ ɶ ɶɶ
   (25) 
A linearization of Butler-Volmer equation yields 
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With the following definition,  
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Eq. (22) can rearranged in the form of 
              1faradaic ct DZ R Z= +                                                                                    (28) 
where 
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Here, 
s
U
c
∂
∂
can be related to the first derivative of discharge or charge voltage 
curve. Combining Eq.(24) and Eq.(30) together, one gets  
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The open circuit potentials and the concentration profile of Lithium ions, with 
and without fracture effect, are obtained by the available single particle model described 
in chapter II. It can then be coupled with the above equations to calculate the impedance 
response of electrode particles with diffusion induced damage being taken into account. 
Table 2 lists the parameters that are used in impedance calculation but not yet 
mentioned before.  
Table 2 Input parameters in impedance simulation 
Parameter Value Unit 
Cdl1 10E-06 [27] F/cm2 
0,1i  0.69E-03 [27] A/ cm2 
aα  0.5 -- 
cα  0.5 -- 
 
Results and Discussion 
This work adopts the notation that 'Z and ''Z represent the real and imaginary part 
of the complex impedance, respectively. In the following plots, the semi-circle is related 
to the Rct and Cdl1 terms and thus not the concern of this work. On the contrast, the slope 
of the line after the semi-circle is an indicator of the diffusivity in solid phase and the 
focus of this chapter. The steeper of the line’s slope, the better the diffusivity. The 
impedance response of a spherical particle, with and without fracture effect, is shown in 
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Figure 31. As expected, the existence of crack and fracture increases the impedance 
response.  
 
 
Figure 31 Comparison of impedance of spherical electrode particle: with and 
without fracture effect 
 
 
Figure 32 Comparison of impedance of spherical electrode particle: 1C and 3C 
3C, 0°C 
0°C 
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Figure 32 compares the impedance response with 1C and 3C at 0°C. The higher 
C-rate, which leads to more fractures as discussed in chapter II, is confirmed to have 
resulted to larger impedance. Figure 33 presents the impedance response of a spherical 
particle at three different temperatures. The C-rate in this simulation is 2C. The 
impedance response at -20°C is particularly larger and a possible explanation is that it 
experiences more fracture damage and a consequently larger diffusion resistance. 
 
 
Figure 33 Temperature effect on impedance response of spherical particle 
 
Figure 34 compares the calculated impedance for particles of different size. 
Recall that in last chapter, smaller particle are proved to be desirable for their ability to 
2C 
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avoid fractures. One would expect to see that larger particles will be linked to impedance 
response of higher magnitude. This is the case as shown in the figure. 
 
Figure 34 The impact of particle size on impedance response 
 
Note in Figure 34 that the line for the particle with a diameter of 6.25µm has a 
nearly infinite slope. It nearly turns into a vertical line shortly after the semi-circle. This 
suggests a very large diffusion coefficient. As stated earlier, there is a critical size below 
which the particle is free of fracture damage. It seems that now there is a critical size 
below which the particle could enjoy extremely large diffusivity. 
Simulations have also been conducted for a planar plate particle model. It was 
found that current density, temperature and particle size has similar effect on the 
impedance response of planar plate particles. By planar plate particle, this work refers to 
a rectangular domain with an aspect ratio of 3, as shown in Figure 35. Changing the size 
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of planar plate particle only changes the length but not the aspect ratio, the influence of 
which is yet to be determined.  
 
Figure 35 A contour plot with fractures for (a) spherical particle and (b) planar 
plate particle, 2C, 0°C 
m 
mol/m3 
m 
m 
m 
mol/m
3
 
(a) 
(b) 
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Figure 36 Comparison of impedance response of planar plate particle 
  
 
Figure 37 Impact of current density on impedance response of planar plate particle 
 
3C, 0°C 
0°C 
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For planar plate particles, the impedance response curve with fracture effect 
accounted is shifted to right, the larger zone, as can be seen in Figure 36. The input 
current density is 3C and the temperature is 0°C. 
As expected, the planar plate particle also shows larger impedance at higher C-
rate. Figure 37 provides a comparison of the response with 1C and 3C at 0°C. The 
impedance curve is shifted to right by more than 50%. It is worth mentioning here that 
the impedance results for 3C without fracture effect, presented in green in Figure 36, is 
nearly comparable with that of 1C with fracture effect included, shown in green in 
Figure 37. This means, the crack and fractures in electrode particle do contribute to the 
increase in impedance response, significantly. Depending on specific operating 
condition, its influence may be as considerable as that of current density. It is thus very 
important to control the fracture damage in order to avoid capacity loss, performance 
degradation or impedance rise.  
The impacts of temperature and particle size are illustrated by Figures 38 and 39. 
The increase of impedance due to low temperature is still evident in planar plate particle 
simulations. On the other hand, similar particle size effect with that in spherical particles 
is also observed. Figure 39 shows the response curves for three different lengths of 
planar particle: L, L/2 an L/4, where L is 30 µm. When the particle size reduces to half, 
the calculated impedance is shown to be much lower. As the particle length is reduced, 
the response curve quickly turns into a vertical line. This tendency predicts a critical size 
below which the diffusion coefficient will be obtained as infinity. 
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Figure 38 Temperature effect on impedance response of planar plate particle 
 
 
Figure 39 Particle size effect on impedance response of planar plate particle 
 
3C 
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Summary 
This chapter made an attempt to gain an insight of how the fracture in electrode 
particle would affect its impedance response. Simulations were conducted on both 
spherical and planar plate particles. With fracture effect accounted, the impedance 
results are shown to be larger, indicating a smaller diffusivity. Similar findings are 
observed in both cases: the impedance response is directly related to current density, 
particle size but decreases with increasing temperature. The same thing is true for 
fracture damage as stated in last chapter. It is then reasonable to conclude that the 
existence of fracture does lead to impedance rise for electrode particles. 
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CHAPTER IV 
CONCLUSION AND OUTLOOK  
 
The energy and environment challenges have push the propulsion system of 
vehicles to higher efficiency and lower emissions. To this end, the electrification of 
vehicles calls for more powerful, more endure and more reliable lithium ion batteries as 
a powertrain solution. Several technical barriers, however, are yet to overcome for 
battery-powered electric vehicles to provide a satisfying driving range and to realize 
faster charging. Among those issues, diffusion induced stress is considered to cause 
fracture damage inside the battery electrodes, leading to permanent capacity loss. 
Although temperature greatly affects the voltage output and durability and safety, its 
impact on fracture generation is yet to be studied. This research work made an attempt to 
investigate the influence of temperature on fracture damage in lithium ion battery 
electrodes.  
In this work, a single particle model of random lattice spring element is extended 
to include thermal effect. By coupling the heat conduction equation and upgrading the 
temperature-dependent parameters, the model successfully captures the temperature 
evolution inside the particle. With the predicted the temperature, the thermo-mechanical 
behavior is investigated with varying current density, ambient temperature and particle 
size. The impact of material property and realistic driving cycles are also taken into 
account. Results show that Si-type material has a greater potential than graphite type 
material to realize more durable batteries.  
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The fracture behavior is then related to the impedance response via a typical 
equivalent-circuit model. Impedance simulations are conduction for both spherical and 
planar plate particles. It is revealed that, for both type of particles, impedance response is 
directly related to current density and particle size but decreases with increasing 
temperature.  
For future work, one idea is to further extend the current model to include the 
SEI film effect. The interface film has been drawing more and more attention and may 
have an influence on the mechanical behavior of battery electrodes. It is known that SEI 
film usually forms in first few cycles, which coincides with the formation of fractures. It 
is of great interest to identify the hidden link between SEI film and fracture damage. 
Additionally, the impedance study in this work provides a perspective on how to 
experimentally verify some of the findings made in the presented simulations. Although 
EIS is an ex-situ measuring technique, it is still possible to gauge the fracture impact 
among all potential factors. In order to do that, a better understanding of the physical 
meanings of equivalent-circuit elements is required. 
Ongoing work may also focus on different aspect ratio and micro-structures of 
electrode particles. In this work, the author maintains the same aspect ratio but only 
change the diameter for spherical particle or the length for planar plate particle when 
varying the particle size. Meanwhile, the impact of overlapping particles is also a topic 
that triggers our curiosity.  
With further polishing efforts, the established model shall be able to shed more 
light on the thermo-mechanical behaviors of Lithium ion battery electrodes. 
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